Lecture 41

1 Scalar and Vector functions

A function f is a scalar function if its maps from R™ to R, i.e., the range of the function is
some subset of real number.

Example 1. Let f : R — Rbedefined by (i) f(z) =22, (ii) f(x) =%, (iii) f(x) = sina.

Definition 1. Let D C R™ be a non-empty set. A function f: D CR"” - E CR™is called
vector function if there exist scalar functions f1, fo, ..., fm defined on D such that

f(@) = (@), fo(@), .., fin(2)).

Through out the lecture we consider vector functions which are defined on real line, i.e.,
n = 1.
Example 2. Let f : R — R? defined by f(t) = (¢, — 10t + 7). This implies at time ¢,
position of the particle with respect to first coordinate is ¢ and second coordinate is t3 —10+7.
The sketch of the vector function is the following.

Example 3. Let f : R — R2 deﬁnedE by f(t) = (6 cost,3sint). Value of the f at time

t =0,3,m, 37” are (6,0),(0,3),(—6,0),(0,—3). The vector function is periodic with the
period of 27. So, in this case the vector function is an ellipse.

Example 4. The position of a particle on the unit circle at time ¢ can be defined by a vector

—

function f(t) = (cost,sint). This can also be written as
F(t) = costi+sint].
Similarly, for m = 3, the vector function f : R — R3 is of the form

Ft) =(4 cost,4sint,t)
:4cost%+4sintj' +tk.



In this case, along the x and y coordinate function forms a circle. The only change is in the z

component and as t increases the z coordinate will increase. So the vector function is forms
a spiral.

Scalar field: If to each point p(z,y, z) of a region R in space there corresponds a unique

scalar f(p), then f is called a scalar point function and we say that a scalar field f is defined
on R.

Example: f(z,y,2) = 2% + y? — 422 is a scalar field.

Vector field: If to each point p(z,y, z) of a region S in space there corresponds a unique
vector f(p), then f is called a vector point function and we say that a vector field f is defined
on S.

Example 5. Let the vector point function f ol R?

defined by
f(z,y ity
The graph of the vector field is give@l following sketch.
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This gives the direction of particle movement at each points in R2.
Similarly, the vector field of the vector function

f(a:,y,z) =20i—2yj—2zk
is given by the following graph.
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2 Limit and Continuity

The definitions of limits and continuity for vector functions are simple modifications of the
analogous concepts for scalar functions. Using the component functions, we deal with these
computations and the idea of continuity in practice.

Definition 2. Let I be an open interval, and let f : I — R™ be a vector function defined by
(&) = (f1(t), f2(t), ..., fn(t)). The limit of f(¢) is £ = (¢1,a,...,4y) as t approaches to a
if for each scalar function f;, i =1,2,...,m, %im fi(t) = £;. Then we expressed as

—a

tim f(¢) = (1im f1(2), lim f Mgﬂ fm®)) =7

Alternatively, we say f(t) approaches to 7aft roaches to a, if for £ > 0, there exists § > 0

such that
|f(t) — £ <$ enever 0 < |t —al| <.

Properties:

1. lim (f(¢) £ g(t)) = lim f(t) & lim g(1).

t—a

2. for any c € R, %gnc F(t) = c- lim f(t).

t—a

Definition 3. Let I be an open interval. A vector function f : I — R™ is continuous at a if

(i) f(a) is defined.

(ii) for any € > 0, there exists § > 0 such that

— —

|f(t) — f(a)] <e whenever |t — a| < 6.

—

Alternatively, f is continuous at a, if

— —

lim f(t) = f(a).

t—a



—

Example 6. Let f(t) = <an’§ .2 =3t + 3, cos t).

- int
lim f(t) :<lim ST Yim 2 — 3t + 3, lim cost>
t—0 t—0 t "t=0 t—0

=(1,3,1).
While the second and third components of f are defined at ¢ = 0, the first component s‘tﬂ

is not. Hence, f is not defined at ¢ = 0. Therefore, f is not continuous at ¢ = 0. However,
limit of f(t) exist as t approaches to 0.
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3 Differentiation & Integration
Consider a vector-valued function 7 defined on a open interval I containing tg and ¢1, one can
compute the displacement of 7 on [tg, t1], see Figure 2(a). Dividing the displacement vector

by t; — to gives the average rate of change of 7 on [tg, 1], see Figure 2(b).

fity) — M)

7' (ta)

h—to

(a) (b)

Figure 2: Illustrating displacement, lea%%o an understanding of the derivative of vector-

valued functions.

Definition 4. Let 7 be a continuous function on an open interval I containing a. Then the
derivative of 7 at t = a is given by

a+h) — f'(a).

m
h—0

Let f1, fo, f3 be a djfferentiable scalar function. If the vector function defined by #(t) =
fi®)i+ f2(t) j + f3(t) k. Then

() = f1(t) i+ f3(t) 5+ f5(2) k.

Example 7. Let f(t) = costi+sint ] +tk. Then f’(t) = —sinti+cost)+k. Att= 5, we
have f_"(g):—%—i-ic.




Properties: Let f and ¢ be differentiable vector functions, let h be a differentiable scalar
function, and let ¢ be a real number.

L &(fm)£g®) = ') £ 3'(t)
2. L(cf(t)) = cf' ().
() = W) i

(t) + h(t)f'(t). Product rule
)

-(t) + f(t) - §'(t). Product rule
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(t) x () = f'(t) x §(t) + f(t) x §'(t). Product rule

'(h(t))1'(t). Chain Rule

(@)
&=
/
&ﬁl
—
>
—
~
N~—
S—
N—
Il
&Hl

1st Order: df
2nd Order: il i(

nth Order 4f — i(ﬂ)
Example 8.

1. If a curve is given by 7(t) = @t + b, then 4 dt2

2. If 7#(t) = (t—l—l)z+(t2+t+1 J+(t @r 1) k. Then
z+@$7+ (32 + 2t + 1)k
dQ* »$

— =24 ) (6 +2)k

a3F
— =6k
dt3

3. If 7(t) = sinti + cost j + t k. Then

dr 2 .n A
E:costz—smtj—i- k
dQF . tA. tA.
—— = —sinti — cost
dt?
‘d—‘:\/COSQt—ksith—Fl:ﬁ
dtz‘ =vsin?t +cos?t =1
4. Let 7(t) = cosnti -+ sinnt j. Then 3?: —nsinnti+ ncosnt J.
. i J k
. dar
TXEZ cosnt sinnt 0
—nsinnt ncosnt 0

=(ncos?nt + nsin® nt)k

=nk.



Integration: Let f and F be two vector functions such that ‘% = f Then F is called the
indefinite integration of f with respect to t and we write

— —

b
Definite integral: / (t)dt = F(t) i:Z = F(b) — F(a).

Example 9.

1
1. Let f(t) = ¢®*i +sintj. Evaluate / (t)dt
0

/ / 2tdtz+/ sintdt j

e

Solution:

14
5 Oz—cost‘o
1
2

(e =1)i+ (1 —cosl)y

2. Let f”(t) = 2i+costj+12tk. Find f where f(0) = —7i — j 42k, and f'(0) = 5i + 3J.

Solution:

Therefore, f'(t) = (2t +5) i +®» 3)7 + 6t k.

=(t? 4 5t) i + (—cost + 3t) j + 23 k + b.
~j+b
=—Ti+ 2k.

flo) =
b

Therefore, f(t) = (t2 4 5t — 7)i + (— cost + 3t) j + (2t + 2) k.
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4 Partial Derivative

Suppose 7' is a vector function depending on more than one scalar variable. Let 7= f (z,y,2),
i.e., 7 is a function of variable x, y and z. Thus partial derivative of 7 with respect to x is

defined by
& — lim T‘(JZ‘ + h,y,Z) _ T(‘rvyuz).
or h—0 h

. oF OF 0%
Similarly, we can defined Byr 050 eyt




Vector Differential Operator: The vector differential operator V (nabla) and it is defined
as

8Aa+2k
oz Ty’ T oz

Gradient of a scalar function: Let f be defined and differentiable at each point (z,y, z)
in a certain region of space. Then the gradient of f is denoted by

Vf= f +8£j+af

V=

Example 10. Let the scalar function f(x,y,a:) = 23y2%. Then the gradient of f is
ﬁf(x, y.z) =3xyz2 1 4 2222 j + 223y k
Vf(1,1,2) =12i + 4) + 4k.
Properties: Let f and g be a multi-variable scalar function.
1. V(f+g)=Vf+Vyg

2. V(fg) =gV f+ fVg

Definition 5. Let f(z,y,z) be a scalar field over a region R. Then the points satisfying an
equation of the type

f(x7y’z) =cC

constitute a family of surface in 3-dimensional space is called level surface.

Lemma 4.1. Let f be a scalar function. Then, ﬁf 18 a wvector normal to the surface

f(z,y, z) = ¢, where c is a constant. Q}
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Directional derivative: Let f(z, e¥a scalar function defined on a region R. Let P
be any arbitrary point in R and suppose () is a point in the region R which is a neighboring

— f(P
point of P in the direction of a given unit vector a. Then the limit lim M, if it
Q—P PQ

exists, is called directional derivative of f at the point P in the direction of a.

Remark 4.2. Let P = (x,y,2) and Q = (x + dz,y + dy, z + 0z) be two points in the region
R. Let a be the unit vector and §f = f(Q) — f(P). Then ‘;—J; represents the average rate of
change of f per unit distance in the direction of a. Now, the directional derivative of at P in

the direction of a is
Q) —-fP) _ . 0f _df
lim ——————= = lim .
Q—P PQ 5550 05 ds
Theorem 4.3. The directional derivative of a scalar function f at a point P(z,y,z) in the
direction of a unit vector a is given by

af =
S Vi
ds f-a
Example 11. Let f(z,y,2) = 23 yz + 4:cz be a scalar function. The directional derivative

of f in the direction of the vector 2 — j — 2k at a point (1,—2,—1) is given by

. i _ 5 _ 9
daf =Vf(1,-2,-1)- u
dsl(1,-2,-1) V22 F 12 § 22

Vf(x,y,2) = (322yz+422) i+1°2 j+ (2Py+8x2) k. Therefore, Vf(1,—-2,—1) = 10i—j — 10k,
and

df 2041420 41
ds 3 37

7



Let f(z,y, z) = ¢ be the equation of the level surface. Let 7= x4 + y ]+ z k be a position
vector of any point P on this surface. Then Vf = f i+ 3 f % k is a vector along the
normal to the surface at the point P, i.e., v fis perpendlcular to the tangent plane at the
point P.

Let Q = (X,Y,Z) then PQ = R—7 = (X —x)i+ (Y —y)j + (Z — 2) k lies on the
tangent plane at P to the surface. But since, V f is perpendicular to the tangent plane, i.e.,
Vf L PQ implies

Vf-PQ=0
0 0 0
(X—ac)aff—i-(Y )a‘£+(Z—z)a‘Z:().

This is the required equation of a tangent plane at P.

Example 12. Let 2%y + 22z = 4 be the level surface. Unit normal to the level surface at

(2,-2,3) is Vf(2,-2,3).
Vi(z,y,2) =Qzy +22)i + 22+ 2z k
Vf(2,-2,3)=—2i+4j+ 4k

Therefore unit normal to the given level surface at (2, —2,3) is 7(—2 + 2 + 2k).
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Example 13. In what direction from the point (1,1, —1) is the directional derivative of

f(z,y,2) = 22 —2y*+42? a maximum? Also find t of maximum directional derivative.
Solution: We are given that f(z,y,z) = 22 - 22 Vf(z,y,2) =2xi—4y] + 8z k.
The directional derivative of f is maxi in’the direction of V f. Since the point P is

given by (1,1, —1), therefore Vf(1,1, -G 2i = 4] — 8k = a.

The maximum directional deriv:

I Gp1,1,-1)-a= I 194 = 2vaL

Example 14. For the function f(z,y) = W Find the value of the directional derivative
making an angle 30° with the positive z-axis at the point (0, 1).

Solution: The directional derivative is given by

of » Of ~
V(x, =i+ ==
(@,y) =5 Dy
_ 2xy %+m2—y2s
RS m2+y2‘7
V(0,1) =—j.

The unit vector which makes an angle 30° with the positive z-axis is given by cos30°% +
sin 30°5. Hence the corresponding directional derivative is
. N N 1
V£(0,1) - (cos30° 4 sin30°7) = —sin30° = —3
Example 15. What is the greatest rate of increase of u = zy2? at (1,0,3)?
Solution: ﬁu(x, y,z) = y22i+x22 ) + 2wy k. Hence ﬁu(l, 0,3) =9j.
The greatest rate of increase of u at (1,0,3) = the maximum value of % =

(1,0,3)
IVu(1,0,3)| = 9.



Example 16. Find the equation of the tangent plane and normal to the surface 222 — 32y —
4x =T at the point (1,—1,2).

Solution: The given surface f(x,vy,z) = 222% — 32y — 42 — 7 = 0. Then

6f(x,y,z) =(222 =3y —4)i— 3z )+ dazk
Vf(l,-1,2) =7i — 3] + 8k

Here 71 — 3] + 8k is the vector along the normal to the surface at (1,—1,2).

IfR=(X,Y,Z)is the position vector of any point in tangent plane at (1,—1,2). Then
the vector R— (1 —j+2k) is perpendicular to the vector V f(1, —1,2). Therefore, the required
equation of tangent is

(X —1)i+ (Y +1)j+(Z—2)k)-Vf(1,-1,2) =0
(X-1)-3Y+1)+8Z-2)=0
7X —3Y 4+ 87 = 20.
The equation of the normal to the surface at the point (1,—1,2) is

X-1 Y+1 Z-2

of — of —  of

ox oy 0z
X—-1 Y+1 Z-2
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